Operational multipartite entanglement classes for symmetric photonic qubit states 
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We present experimental schemes that allow to study the entanglement classes of all symmetric 
states in multiqubit photonic systems. In addition to comparing the presented schemes in efficiency, 
we will highlight the relation between the entanglement properties of symmetric Dicke states and a 
recently proposed entanglement scheme for atoms. In analogy to the latter, we obtain a one-to-one 
correspondence between well-defined sets of experimental parameters and multiqubit entanglement 
classes inside the symmetric subspace of the photonic system. 

PACS numbers: 42.50.Ex, 03.65.Ud, 03.67.Bg, 42.50.Dv 



I. INTRODUCTION 

Entanglement is recognized as a fundamental resource 
in many quantum information tasks d Q like in quan- 
tum teleportation y , quantum cryptography [4| or quan- 
tum computation [5|. In the general TV-partite case the 
structure of entanglement is extremely rich and exhibits 
a much higher complexity than in the simplest bipartite 
case. There exist different kinds of entanglement and 
many efforts are done in trying to group them into differ- 
ent classes, in particular with respect to their equivalence 
properties under stochastic local operations and classical 
communication (SLOCC) [1 0, i, II El El El El El • 

Recently, an operational approach to this classifica- 
tion problem has been proposed where in a single ex- 
perimental setup a one-to-one correspondence between 
well-defined sets of experimental parameters and multi- 
qubit entanglement classes of the symmetric subspace of 
atomic qubits is obtained [H E3j- When it comes to 
experimentally implementing different classes of entan- 
glement, photonic qubits are widely used and so far the 
most flexible system [H El El EE M, M, HI H3, HI HI - 
Here the observation of different types of entanglement in 
a single setup has been achieved experimentally [H I20I 

sisiiiii. 

Here we propose three experimental schemes that es- 
tablish a one-to-one correspondence between experimen- 
tal configurations and entanglement classes of photonic 
qubit states. Our proposed experimental schemes are 
based on linear optics setups making use of photons 
produced by single photon sources (SPSs) or sponta- 
neous parametric down-conversion processes (SPDC). 
These schemes are divided into two steps. First, a 
photonic state \ip)j is obtained, where TV photons of 
well-defined polarization states occupy a single spatial 



mode [26l l27|, |28|. Secondly, these photons are sym- 
metrically distributed into TV separate spatial modes via 
polarization- independent beam splitters (BSs), i.e., es- 
sentially a multiport BS [H [H [3f|. Upon successful 
detection of a single photon in each of these modes the 
result is the observation of a symmetric state \iP)q- Its 
entanglement class is fully determined by the experimen- 
tal parameters of the TV-photon source. We will com- 
pare the efficiency of the different realizations and in 
particular use their relation to reveal the link between 
the atom-based [H E3 and the projective measurement 
based scheme for symmetric Dicke states [H [H [H [HJ . 

The paper is organized as follows. In Section [H] we 
establish the connection \ip) <-> 1^)/, which is the 
same for all schemes. Subsequently, in section |TTT] differ- 
ent possibilities to obtain the state \ip)j are presented. 
We study three types of photon source arrangements: 
overlap of SPSs via BSs, overlap of photons from entan- 
gled pairs created by SPDC and subsequent projective 
measurements, and projective measurements on a 27V- 
photonic symmetric Dicke state. 



II. THE MULTIPORT 

The multiport output setup is illustrated in Fig. [T] It 
fulfills the task to distribute TV properly polarized pho- 
tons propagating in a single spatial input mode a to TV 
output modes A = ai, . . . , cln- In the following, without 
loss of generality, the photonic qubits are encoded in the 
horizontal (\H)) and vertical (\V)) polarization states. 
It is assumed that the input mode is populated with TV 
photons in the state 
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where a, and /3, are complex numbers with |ai| 2 + |/3j| 2 = 
1 for i = 1, ... ,7V, the normalization Af (a, (3) depends 
on these parameters with a — ai,...,ajsr and f3 = 



2 



(a) 



input state | -0)1 



BSi BS 2 BS W -i BS N 



ei e 2 



i L 



a N \ a N -i lo 2 lax 
£_ 



B5jv BS W 1 RS 2 B5i 

output state | ^ } 



(b) 



input state I VO j 

B 61 6 2 &jv-i b N 

*1 * O * AT 1* AT 



1 - 2 -iV-l»JV 

type II non- 
collinear SPDC 



1 i ffl A' , 






y 


£_ 





7 



."1 



BSn BS2 BS\ 

output state \ ip) 



(c) 



input state I V')/ 

b N _A b 2 \ 61 



UN 
pump 1 
block 



IUIUl 



type II BSsfi BS N+1 
collinear SPDC 



V. 



-7 

BS % BS, 

output state \ tp) 



FIG. 1: (color online). Proposed experimental setups for 
the observation of arbitrary symmetric states in an iV-qubit 
photonic system. A one-to-one correspondence exists be- 
tween experimental parameter configurations and entangle- 
ment SLOCC classes of the observed photonic states. In 
(a), photons from single photon sources are combined with 
BSs and are distributed symmetrically through the N modes 
of an output multiport. In (b), the photons are produced 
from non-collinear spontaneous parametric down conversion 
(SPDC) processes and the desired state is prepared by pro- 
jection of the non-collinear SPDC output photons occupying 
modes 6i,...,6jv. In (c), the symmetric photonic states are 
obtained by use of a collinear SPDC and subsequent projec- 
tive measurements in half of the output modes (see text for 
detailed explanations of the schemes). 



0jsr, 1 ) denotes the vacuum state of the input 
mode a, and a* H (a v ) is the photon creation operator for 
horizontally (vertically) polarized photons in that mode. 
Equation |T]) can be rewritten 

1 N 

IVJ> ' - AA (ct ,/3)iV! ^ o Cfc(C " )1/2( ^ )fc( ^ )Ar " |0) - 



(2) 



Willi C^r the binomial coefficient ( , ) niul 



c fe = (Clv) 1/2 Pn ■ ■ ■ Pi k oti k+1 ■ ■ ■ a lN . (3) 

l^i 1 ^...^i Jv ^JV 

where the sum is over all N\ possible tuples i\, . . . ,%n- 
Note that we choose the form of Equations ^ and Q 



to resemble the ones given in Ref. [13J for an atom-based 
scheme aiming at the creation of all symmetric states. 
Now we can also determine the normalization factor in 
Eq. © and Eq. ©: A/ (a,/?) 2 = (£f =0 \c k \ 2 )/Nl. The 
dependence on the actual coefficients a, (3, is due to the 
bosonic character of photons. The maximal value of AM 
is obtained if all photons are equally polarized, while the 
minimal value of ((iV/2)!) 2 happens if orthogonal polar- 
izations are equally populated. 

The photons are distributed into the output modes via 
BSs. The optimal splitting ratio is achieved if the proba- 
bility for a single photon to go into the different modes is 
equal. For the case considered in Fig. [1] this implies the 
reflectivity 1/n for BS„. Under the condition of collect- 
ing one photon per output of the multiport, which occurs 
with a probability 



po = Nl/N N , 



(4) 



each term in Eq. ^ contributes equally to populate each 
of the N output modes according to [29( 



{C%f'^aina' H ) N - k \0) a ^\Df) A , (5) 
where 

i^ ) ) A = (^r i /^p i (|i/ 1 ,y 2 ,...,y fe)J ff fe+1 ,..,^)) 

i 

(6) 

is the symmetric Dicke state of the N output modes with 
k vertically polarized photons and 7\ denoting all pos- 
sible permutations of N qubits [33|, [34[ . Consequently, 
the multiport transforms with probability po the initial 
state Eq. ((T|) into the output state 
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Note, \ip)o describes a state of polarization encoded 
photonic qubits in different spatial modes, while \ip) I 
is a single mode multiphoton state. This scheme allows 
to produce any desired symmetric state in the multiport 
output modes: any collection of the Ck coefficients in 
Eq. ([7|) can be obtained from initial state ([1]) with prop- 
erly selected complex coefficients on and fy. The ratios 
oti I j3i must be equal to the K roots of the polynomial 

P(z) = J2k=o(~ ~t) h \J C%CkZ k , where K is the polyno- 
mial degree, and the remaining on must be equal to 1 [l3T ] . 

The entanglement SLOCC class of the generated sym- 
metric state is then obtained from the analysis of the de- 
generacy configuration T> and the diversity degree d of the 
set of states {|ei), . . . , |ejv)} where |ef) = on\H) + f3%\V). 
The degeneracy configuration T> is the decreasing order 
list of the numbers of the |e,-) states identical to each 
other (this number is 1 for each state \a) that occurs 
once). The diversity degree d is the dimension of this 
list. States differing in their degeneracy configuration 
are necessarily SLOCC inequivalent. This is outlined in 
detail in Ref. [l4[ , here, we will give in section IIII Al an 
example for the three qubit case. 
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III. THE PHOTON SOURCES 

In this section, different options to obtain the required 
state Eq. (JTJ) are discussed. 



A. Single photon sources 

A direct approach is to combine photons from SPSs 
with BSs. This can be done with a multiport BS similar 
to the one used for the distribution of the photons, as 
shown in Fig. QJa). The input modes, denoted e,, must 
be prepared in the states 



/SPSe 
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)|0)c 



(8) 



The mode a is populated by using the input multiport 
according to 
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(9) 



In this scheme, the entanglement class of the resulting 
final symmetric Dicke state \4>)o after passage through 
the output multiport is fully determined from the po- 
larization states of the input photons in the modes e^. 
For instance, for N = 3, the use of 3 identically polar- 
ized photons (corresponding to the state set {ei,ei,ei}, 
whose degeneracy configuration is T>3 and diversity de- 
gree d = 1) generates a separable state |V')o, 2 identi- 
cally polarized photons (corresponding to the state set 
{ei, ei, £2}) whose degeneracy configuration is 2?2,i and 
diversity degree d = 2) generate a W state, while pho- 
tons with distinct polarization states (corresponding to 
the state set {61,62,63}, whose degeneracy configuration 
is Pi, 1,1 and diversity degree d = 3) set the output modes 
of the second multiport in a GHZ class state 1141 . 

The latter case leading to the observation of GHZ 
states has been suggested in Ref. [26[ in the context of 
states useful for super-resolving phase measurements and 
has been implemented experimentally with three pho- 
tons (27[. In our work, we establish all symmetric mul- 
tiphoton entanglement classes (i.e., not only the GHZ 
class) via the framework of operational classification of 
arbitrary symmetric photonic qubit states and their ex- 
perimental realization, which, in the case of photonic 
qubits, has not been done before. 

To obtain the optimal efficiency in the preparation of 
the desired states, we need to find a suitable BS config- 
uration. For a particular state, partially polarizing BSs 
might be most suitable. Yet, as we aim for a flexible 
scheme to observe all symmetric states, we neglect the 
polarization for considering the efficiency, which is then 
optimized for BSs with well defined reflectivity of 1/n if 
n denotes the n-th BS of the input multiport as shown 
in Fig. UK a). The total efficiency depends additionally 
on the amplitude of obtaining all photons in the mode 



a, which is dependent on the photon's polarization due 
to interference effects and reflected in the normalization 
factor A/"(a,/3) in Eq. (TT]). Then, the probability p/,sps 
to obtain \ip)j is the product of these two contributions 



P/,SPS=AA(a,/3) 2 ]J 



(n- 1)( T 



n=2 



N N 



(10) 



In an experiment involving deterministic photon cre- 
ation, the rates at which the photons are supplied are 
given by the rates at which the single photons are pre- 
pared. As this does not scale with the photon number, 
this scheme is hardly comparable with the following prob- 
abilistic implementations based on SPDC sources. In 
contrast, for probabilistic single photon sources, we can 
determine a rate i?sps for comparison with the following 
schemes from the rate of single photon creation csps^ 



-Rsps = (csps) -pi,sps ■ po = (csps) Af(a,{3) 



(11) 



B. Non-collinear SPDC and projective 
measurements 

The scheme exposed in the previous section requires 
deterministic SPSs for the N input ports. With present 
technology this represents a limit to the achievable num- 
ber of entangled photons as deterministic SPSs are not 
yet mature en oug h for multi-photon entanglement ex- 
periments [H, Ha [37]] • The best present alternative is 
given by the use of heralded SPSs realized with non- 
collinear SPDC (ncl) combined with conditional detec- 
tion, as shown in Fig. [ljb) [38], [3^|. In this scheme, N 
non-collinear SPDC sources overlap one of their modes 
with each other into the input mode a of the multiport 
[Fig. Hl[b)]. Each SPDC source, numbered 1 to N, is 
supposed to emit the antisymmetric Bell state 

iru=^(ok&k-4&y i°w ( i2 ) 

where |0) , denotes the vacuum state in modes a and 
&i, with bi the non-overlapping output mode of the i- 
th SPDC source. In this case, the first order emissions 
create, before any projective measurement is performed, 
the 2iV-photon state 



nc\,ab± ...bj\ 



1 N 

^=n( a UV-«uyio) a6 , 



.b N ' 



where |0) abi &w denotes the vacuum state in all modes 
a, 61, . . . , bjy. The desired state ([2]) is then obtained by 
projecting each of the output modes bi onto the polariza- 
tions orthogonal to the onces that should be combined in 
mode a, that is onto the state 



N 



iV 



(14) 
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Indeed, the residual state obtained in mode a by this pro- 
jective measurement is simply given by (denoting with B 
the collection of modes 61, . . . , 6jv) 



j==n(«i«ff+A4)io) 

$) v (15) 



//(q,/3) 

vW+T)! 

In this scheme, the entanglement class of the final sym- 
metric state \ip)o is fully determined from the degeneracy 
configuration and the diversity degree of the polarization 
states selected in the modes bi during the projection step. 
The efficiency to get the iV-photon state \ip)j from 2N 
photons is here dependent on the probability to project 
onto the separable state \S) B , which is given by the 
normalization factor in Eq. (|15p . 



Pl.ncl 



(N + l)\ 



(16) 



For a probabilistic source with pair creation rate c nc i 
[Eq. (TT2"])] (i.e. an TV-pair creation rate of (c nci /2) N (N + 
1)! [Eq. ([13]) ]), the rate i? nc i to obtain the desired output 
state is 



R ncl = (?f) (N + 1)\- PI , 
= (c ncl ) N Af(a,f3) 2 A ' 



ncl ' PO 



(2N) 



N ' 



(17) 



This yields for N > 2 a higher rate than the scheme using 
SPSs [Eq. fTTj)]. if the rates c nc i and csps are equal. 



a. The same expression with positive signs is obtained 
via a 7r/2-phase shift in each bi mode that transforms the 
states emitted from each SPDC source from the antisym- 
metric Bell state (|12p to a symmetric Bell state 



/SPDC 



,=72^ 



44*) 
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(19) 



The 2iV-photon state generated in that case reads 



N 



iv>; 



2iV 



27V ) 



-1/2 



D 



(k)\ 



\D 



(N-k), 
N I 



k=0 



\D 



2N 1A.B- 



(20) 



Thus, the resulting state is a 2vY symmetric Dicke state 
with N excitations [H,[33|. As before, projections in the 
B modes can be used to obtain any desired symmetric 
state \ip)o- However, the phase shift has to be compen- 
sated for, and we need in that case to project onto 



N 



\s) B = n^biv +Kb\ H )\o 



bi ■ 



(21) 



i=l 



in order to obtain the same state in the end. As the 
Dicke states are symmetric under permutation of parti- 
cles it does not matter which TV of the 2iV photons are 
projected. That means we could just as well project the 
photons from A and observe the state in the modes B. 

Then, the scheme is very similar to the atom scheme 
of Refs. [H, H3[: entangled atom-photon pairs are cre- 
ated, one part of each pair is mixed with all the others 
and, finally, symmetrically distributed to several detec- 
tors. The polarization setting at the photon detector de- 
termines the entangled state for the atoms. In our case, 
we consider entangled photon-photon pairs. 



Projective measurements on symmetric 
27V-partite Dicke states 



2. Colhnear SPDC for o 



symmetric Dicke states 



1. Analogy between non-collinear SPDC and symmetric 
Dicke states 

In the following we will show the correspondence be- 
tween the previously described scheme of section IIII BI 
and the property of symmetric entangled Dicke states to 
be projectable onto different classes of entanglement. 

To this end, let us study the 2N photon state emer- 
gent after splitting the photons in mode a in the output 
multiport and before projection of the photons in modes 
bi. This corresponds to the state given in Eq. (fT5|) and 
a subsequent symmetric distribution of the photons in 
mode a [see Fig. [TJb)]. This state is given by 



2JV 



(C, 



2n) 



N 

1/2 £(- 

fc=0 



l) k C k N \D 



N I 



\D 



(N-k), 
N I 



(18) 

and A denotes the N out- 
put modes of the output multiport feeded by the mode 



Note that C^ N 



Ek=o(C k N ) 2 , 



The symmetric Dicke state can also be obtained by a 
symmetric distribution of the iVth order emission of a 
type II collinear down conversion (cl) [U H3| : 



N 



0: 



(22) 



This gives rise to the scheme shown in Fig.QJc). In order 
to compare this approach with the previous schemes we 
assume a pair emission rate c c \ and obtain the 2iV-photon 
emission rate (c c i) N (N\) 2 [see Eq. (|22j) ]. Distribution of 
the 2N photons into separate modes occurs with a prob- 
ability of p/, c i = {2N)\ / {2N) 2N and leads to the state 
of Eq. (|2TJ|) . Thus, the probability for a projective mea- 
surement preparing the desired state is given by Eq. (IK 
The total state preparation rate R c \ is 



(27V)! Af(a,py 



(2N) 2N 
2 Nl 



(N + iy. 

(2N)l 



{2N) N (N+ l)(2iV) 



N 



(23) 
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Hence, while the advantage of this scheme is its simplic- 
ity, the disadvantage is that it is by far less efficient than 
the other discussed implementations. 

IV. CONCLUSION 

We have presented different experimental schemes to 
obtain all entanglement classes of symmetric states of 
photonic qubits. A univocal mapping between well- 
defined sets of experimental parameters (i.e. the polar- 
ization of the input photons in scheme A, and the states 
the photons are projected on in schemes B and C) and 
the corresponding multiqubit entanglement classes in the 
symmetric subspace of the photonic system is obtained, 
similar to the one achieved in the atom-photon system 
described in Ref. [H, 03] ■ This directly translates to 
a systematic classification of the states obtained by the 
well-known scheme of projective measurements on sym- 
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